are exactly 17 non-isomorphic dihedral octic CM-fields with class number one, and that there are exactly 37 non-isomorphic non-normal quartic CMfields with class number one.
These results rely on upper bounds for the discriminants of these number fields found by the first author in a previous paper (see [Lou 1]) , and on a necessary condition for the relative class number of a CM-field to be one. This restricting necessary condition enables us to get the dihedral octic CMfields with relative class number one and the non-normal quartic CM-fields with relative class number one thanks to the numerical computation of the relative class numbers of only 26 non-normal quartic CM-fields. Finally, the computation of the class numbers of their maximal totally real subfields provides us with the ones with absolute class number one.
In the following five sections we proceed as follows. First, we show that normal quaternion octic CM-fields have even class numbers implying that there are no quaternion octic CM-fields with class number one. Second, we reduce the determination of the dihedral octic CM-fields with class number one to that of the ones with relative class number one. Thus, we describe the normal dihedral octic CM-fields with odd relative class numbers as a family {N (p,q) } p,q where p and q are primes subject to certain constraints. Third, we give a restricting necessary condition for the relative class number of a CM-field to be one. Fourth, thanks to this restricting necessary condition we determine the normal dihedral octic CM-fields with relative class number one: there are 19 non-isomorphic such fields. Fifth, thanks to the computation of the class numbers of their maximal totally real subfields we determine which dihedral octic CM-fields with relative class number one have class number one and determine the non-normal quartic CM-fields with class number one.
Notations. For any number field F we assume that F lies in the complex field and we set the following notations:
• A F is the ring of algebraic integers of F , • E F is the unit group of F , • W F is the group of roots of unity of F ,
• H(F ) is the ideal class group of F , • h(F ) is the class number of F , • d(F ) is the discriminant of F .
For any CM-field F we set the following notations:
• 2N = [F : Q] is the degree of F , • F + is the maximal totally real subfield of F .
The complex conjugation is the non-trivial F + -isomorphism of the quadratic extension F /F + . Set α for the complex conjugate of α. We remind the reader that in a CM-field every unit of absolute value 1 is a root of unity (see [W, p. 38] ).
•
• Q F ∈ {1, 2} is the Hasse unit index of F (see [W, Th. 4.12] 
is the strict class number of F + , • i F /F + is the natural map from the fractional ideals of F + to those of F .
1. Class numbers of non-abelian normal octic CM-fields. In this section we reduce the determination of normal octic CM-fields with class number one to that of non-normal quartic CM-fields with relative class number one. We firstly show that there are no quaternion octic CM-fields with class number one: 
that is the only biquadratic bicyclic number field with exactly one finite ramified prime.
Hence, at least two primes are ramified in the bicyclic biquadratic extension N + /Q. Moreover, any prime ideal of N + that is ramified in N + /Q is also ramified in N /N + . Indeed, it is ramified in at least one quadratic extension N + /k i . As N /k i is cyclic quartic, we see that it is totally ramified in N /k i , hence ramified in N /N + . We get Theorem 1 from the following Proposition 2 that will be used throughout this paper in order to prove that CM-fields N with odd relative class numbers are such that only few ideals of N + ramify in the quadratic extension N /N + :
Proposition 2. Let N be a CM-field and let N + be its maximal totally real subfield. Then the relative class number of N is even provided that at least two prime ideals of N + ramify in the quadratic extension N /N + . P r o o f. First, the kernel of i N/N + has order 1 or 2 (see [W, Th. 10.3] ). Hence,
Second, let σ denote the complex conjugation. If ε is a unit of N then ε/ε is a unit of absolute value 1, hence a root of unity of and i N/N + is injective. Indeed, let us suppose that there exists at least one non-empty and finite product R = P i 1 ·. . .·P i r of r out of the t prime ideals P i 's such that its ideal class is in i N/N + (H(N + )). Then there exists α ∈ N and an integral ideal I of N + such that R = (α)i N/N + (I). Then (α) = (α), so that there exists a unit ε in N such that α = εα. Then ε is a unit of absolute value 1, hence a root of unity of N . If we had W N = U σ−1 N then we would have ε = η/η for some unit η in N . Then β + = ηα is in N + and R = i N/N + ((β + )I) so that each prime ramified ideal P i that divides R would divide R with an even power. A contradiction. Hence U
N and we may assume that ε = ζ is a generator of the cyclic group W N . Let β ∈ A N be such that ζ = β/β (we may take β = 1 + ζ if ζ = −1, and β = √ −d with
where γ + = αβ is in N + . Hence, we have
where R ζ does not depend on β such that ζ = β/β. Hence, there exists exactly one non-empty and finite product R = P i 1 · . . . · P i r of r out of the t prime ideals P i 's such that its ideal class is in i N/N + (H(N + )). Thus, 2
Moreover, i N/N + is injective. Indeed, if J were a non-principal ideal in N + such that i N/N + (J ) = (α ) then the same line of reasoning shows that
for some γ + in N + . Thus, ( * ) and ( * * ) would imply R = i N/N + ((γ + /γ + )IJ ) and each prime ramified ideal P i that divides R would divide R with an even power. A contradiction. Hence, 2
Lemma 3. Let N be a dihedral number field and let K be any non-normal quartic subfield of N . Then N is a CM-field if and only if K is a CM-field (see [Lou 1]) .
We note that Theorem 1 and Lemma 3 reduce the determination of normal non-abelian octic CM-fields with relative class number one to that of non-normal quartic CM-fields with relative class number one.
Non-normal quartic CM-fields and dihedral octic CM-fields
with odd relative class numbers. Let K be a non-normal quartic CMfield. Let K + be its real quadratic subfield and let δ be a totally positive
(1) The principal ideal (δ) of A K + is not a square in A K + so that K/K + is ramified at at least one finite prime.
that is positive would be a square in Q so that K/Q would be normal.
is a unit of A K of absolute value 1, hence a root of unity of K. Since K/Q is non-normal, the group W K of roots of unity of K is {−1, +1}. Hence, either ε = 1 and α is in K + so that I is a principal fractional ideal of
Taking relative norms shows that the ideal (δ) of K + would be a square in K + , so that (1) provides us with the desired contradiction.
From now on, we assume that K has odd relative class number h * (K). By [W, Th. 10 .2], the class number h(K + ) of the real quadratic subfield K + of K is odd. We now prove a little bit more:
with p ≡ 3 (mod 4) a prime.
, the ideal class group of K + in the strict sense. Then L/K + is not ramified at the finite places so that from (1) we get L ∩ K = K + . Hence, KL/K is abelian and such that Gal(KL/K) is isomorphic to Gal(L/K + ) via restriction. Moreover, KL/K is unramified so that it is the class field over K to some subgroup H of H(K). Hence, if Fr KL/K and Fr L/K + denote the Artin maps, we have:
, we see that
is odd, and therefore the strict class number of K + is odd. Hence, we get the desired result. 
. P r o o f. The first statement follows from Proposition 2 and (1). First, if a prime ideal L of K + is such that the exact power of L that divides the ideal (δ) is odd, then L is ramified in K/K + . Second, the strict class number h + = h + (K + ) of K + is odd and h(K + ) = h + . Now, noticing from (1) that the ideal (δ) is not a square in K + , we see that there exists a fractional ideal I of K + such that (δ) = Q + I 2 . Raising this equality to the h + -th power provides us with δ + and x such that δ = δ + x 2 where δ + is any totally positive
(5) Let q be the rational prime lying below the prime ideal Q of (4).
that is positive would be a square in Q and as in (1) the extension K/Q would be normal. If Q + were ramified in K + /Q, then by (3) we would have Q + = ( √ p) with p the prime such that
and K/Q would be normal. Thus, we get the desired first result. For the second result, we first note that we may assume q = 2. Since K/K + = K/Q( √ p) is ramified only above q (and at the infinite places), the normal closure N of K is such that N /Q( √ p) is ramified only above q (and at the infinite places). Since N contains Q(
can be ramified only at the finite places above q, hence is unramified at the places above 2, so that q ≡ 3 (mod 4). The last assertion follows from the fact that the quadratic extension K/K + is ramified only at Q + , and this ideal is tamely ramified, so that the different
(6) Let N be the normal closure of K. Then N is a normal dihedral octic CM-field and its totally real quartic subfield Since K is totally imaginary, so is N . Hence, N is a CM-field. Let K be one of the two non-normal quartic subfields of N that are not isomorphic to K, so that K is not a quadratic extension of Q( , n ≥ 1, be the orders of these 2-Sylow subgroups in the narrow sense and in the wide sense (so that n + = n or n + = n + 1). Let H (p,q) ,q) ) is odd.
and let ε + be the fundamental unit of K + , so that N K + /Q (ε + ) = −1. Since Q K = 1 and W K = {−1, +1}, we have E K = E K + . Now, let C be an ideal class of order ≤ 2 in the ideal class group of K. Since N K/K + (C) has order ≤ 2 in the ideal class group of K + that has odd order, it follows that N K/K + (C) is principal, so that CC = i K/K + (N K/Q (C)) is principal, and thus C = C, i.e. C is an ambiguous class. Let I be an integral ideal in C. There exists α in K such that I = (α)I. Hence, (αα) = (1) so that there exists an integer n such that αα = ε 
is principal so that the order of C is odd, i.e. C is the principal ideal class. Hence, there does not exist an ideal class of order 2, so that h(K) is odd.
Hence, we have proved:
Theorem 4. A number field is a non-normal quartic CM-field with odd relative class number if and only if it is a subfield of a dihedral octic CM-field N (p,q) that is a cyclic quartic extension of the real quadratic field Q( √ pq), unramified at the finite places, such that 4 does not divide the class number of Q( √ pq), where p and q are distinct primes not congruent to 3 (mod 4)
and q splits in Q( √ p).
We finish this section by giving an upper bound on discriminants of non-normal quartic CM-fields with relative class number one:
Theorem 5 (see [Lou 1]) . Let K be a non-normal quartic CM-field , and let k be its real quadratic subfield. Then K has relative class number greater than one provided that
R e m a r k. (5)).
3.
A criterion for the relative class number of a CM-field to be one. We show that CM-fields with relative class number one have the remarkable property that prime ideals that split completely have large absolute norm:
Theorem 6. Let F be a CM-field , and assume that the natural map i F /F + from the group of fractional ideals of F + to that of F is injective. Assume that h * (F ) = 1 and let P + be a prime ideal of F + that is not inert in F /F + . Then
P r o o f. Let P be a prime ideal of F lying above P + . Since h * (F ) = 1 and since i F /F + is injective, we have
Hence, there exists an ideal I of F + such that IP is principal in F , i.e. there exists α ∈ A F such that IP = (α). Let us point out that since the prime ideal P is not inert in F /F + , we have α ∈ F \ F + , so that α − α = 0. Taking norms, we get
Since β and γ are totally positive elements in F + , we get
Hence, it suffices to prove that the ideal ID F /F + divides the principal ideal (α − α). Thus, we prove that for any prime ideal L of F we have
and ( * ) is clearly satisfied since α ∈ IA F and α ∈ IA F . Second, if L is ramified in F /F + and if G i , i ≥ −1, are the ramification subgroups of the Galois group G = {Id, σ} (where σ is the complex conjugation) of the quadratic extension F /F + , then we have (see [Se, Chapitre IV 
Hence, we get the desired result.
Determination of the non-normal quartic CM-fields and of the dihedral octic CM-fields with relative class number one. Let us recall the following rules:
Lemma. Let N /F be a bicyclic biquadratic extension of number fields.
Let N be a dihedral octic number field. Let K 1 , K 1 , K 2 and K 2 be the non-normal quartic subfields of N , where K 1 is isomorphic to K 1 , K 2 is isomorphic to K 2 and K 1 is not isomorphic to K 2 . Let k i be the quadratic subfield of K i , so that each N /k i is a bicyclic biquadratic extension. Let k + be the quadratic subfield of the only quartic subfield N + of N that is normal over Q, so that N + /Q is bicyclic biquadratic. This situation can be well understood with the help of the following lattice of subfields: Now, let l be a prime number that is unramified in N /Q, let L 1 be a prime ideal of k 1 lying above l, let L + be any prime ideal of N + lying above L 1 and let L 2 be the prime ideal of k 2 lying below L + . Let us assume that L 1 is inert in K 1 /k 1 and in K 1 /k 1 . We prove that l splits in k + /Q.
Indeed, from the previous lemma, L 1 that is inert in K 1 /k 1 and in K 1 /k 1 splits completely in N + /k 1 and the prime ideals of N + lying above L 1 are inert in N /N + . Hence, L 2 splits in N + /k 2 for if it were inert then it would be inert in N /k 2 , hence in K 2 /k 2 and in K 2 /k 2 , so that the previous lemma would tell us that it would split in N + /k 2 . Hence, we have just proved that L + splits in N + /k 1 and in N + /k 2 . We deduce that l splits in k + /Q for if it were inert then it would be inert in k 1 /Q and in k 2 /Q, and the previous lemma would provide us with a contradiction. Now, let N be a dihedral octic CM-field with relative class number one. As N /N + is unramified at the finite places, we get d(N ) = d(N + ) 2 so that Theorem 6 is useless. Nevertheless, by Lemma 3, the non-normal quartic CM-subfields K 1 and K 1 of N also have relative class number one. By Theorem 6, any prime ideal L 1 of k 1 remains inert in K 1 /k 1 and in K 1 /k 1 provided that its norm is less than (p,q) has relative class number one, then so does such that these conditions (a) and (b) are fulfilled. It is worth mentioning that if one wants to solve the class number one problem for K (p,q) then one cannot assume that p < q for we do not have h (K (p,q) ,p) ) does not always hold for the absolute class numbers. For example, we will note below that h(K (17,257) ) = 1 = 3 = h(K (257, 17) ). But now, if q is small then the necessary conditions of Theorem 7 are likely to be satisfied for many ∆ = pq less than 5 · 10 9 , so that if our criterion of Theorem 6 had been written as a necessary condition for the class number of a CM-field to be one, then it would have provided us with a lot of values of ∆ = pq less than 5 · 10 9 , so that it would have been difficult to solve the class number one problem for non-normal quartic CM-fields. This in fact motivated the authors to discuss everything in terms of relative class numbers instead of class numbers.
We would like to point out that there are several tricks in order to speed up the sieve based on the necessary conditions of Theorem 7. Indeed, from (a) and (b) written with l = 2 we see that p ≡ q (mod 8) provided that p and q are odd primes such that q > 64. Hence, ∆ ≡ 1 (mod 8) provided that ∆ is odd and ∆ > 4096. Moreover, if p = 2, then q ≡ 1 (mod 8). Moreover, we can get much better lower bounds on ∆ than the one given in Theorem 5, provided that p is a small prime. Indeed, we have: 
Thus, for example, with p = 2 we get h * 5. Determination of the non-normal quartic CM-fields and of the dihedral octic CM-fields with class number one. If we compute the class numbers of the real quadratic subfields of these 38 non-normal quartic CM-fields with relative class number one, we see that there exist 37 non-isomorphic non-normal quartic CM-fields with class number one, the exceptional field being K (257, 17) for which we have 3 = h(K (257,17) ) = h(K (17,257) ) = 1. Now, we compute the class numbers of the 18 dihedral octic CM-fields with relative class number one.
Lemma (see [Lou 4 ], [Kub] and we get: 
